



















Forests of chord diagrams with a given number of trees
Hu¨seyin Acan






In this short note we find the number of forests of chord diagrams with a given number of trees and
a given number of chords.
Keywords: chord diagram, tree, forest, forest chord diagram.
2010 AMS Subject Classification: Primary: 05A15; Secondary: 05A10
A chord diagram of size n is a pairing of 2n points. One can take 2n points on a circle, label them
with the numbers 1, . . . , 2n in clockwise order, and join the two points in a pair with a chord for a pictorial
representation. Given a chord diagram C, the intersection graph GC is defined as follows: the vertices of
GC correspond to the chords of C and two vertices in GC are adjacent if and only if the corresponding
chords cross each other in C; see Figure 1. When GC is a tree or forest, we call C a tree chord diagram or
















Figure 1: A chord diagram with five chords and the corresponding intersection graph.





/(2n − 1) by
showing a bijection between tree chord diagrams with n chords and ternary plane trees with n− 1 internal
vertices. In this note we find f(n,m), the number of forests of chord diagrams consisting of n chords and
m trees. We also find r(n,m), the number of forest chord diagrams consisting of n chords and m rooted
trees. In particular, we prove the following two theorems.




















, if n = m.






























3n − 3m+ k − j − 1















The generating function G(x) of ternary trees satisfies the equation G(x) = 1+ xG(x)3. For a positive




the bijection shown by Dulucq and Penaud [1], we have T (x) = xG(x). Hence, using the above relation
for G(x), we get
T (x)
x






Before we start our proofs, we define non-crossing partitions and cite a result about such partitions
with given parameters.
Definition. Two blocks of a partition of the set [m] := {1, . . . ,m} cross each other if one block contains
{a, c} and the other block contains {b, d} where a < b < c < d. A partition of [m] is called a non-crossing
partition if no two blocks cross each other.
The relevance of this definition is that the components of a chord diagram with n chords determine a
non-crossing partition of [2n]. (The components of a chord diagram C correspond to the components of
GC .) More precisely, each block of the partition consists of the vertices of the chords in a component.
In order to count the forests with m trees, we will consider non-crossing partitions of [2n], and for
each such partition we will count the trees in each block. The following theorem about the number of
non-crossing partitions was proved by Kreweras [2]. (See Stanley [3, Exercise 5.35] for a bijective proof.)




where k = s1 + · · · + sn and (n)k−1 = n(n− 1) · · · (n− k + 2).
Proof of Theorem 1. For n = m, we have n non-crossing chords, and the number of such configurations
is given by the nth Catalan number, which is (2n)!/(n!(n + 1)!). Now assume 1 ≤ m < n.
For a component H of a chord diagram, we define the support of H as the set of endpoints of its chords.
Let {B1, . . . , Bm} be the set of blocks in a non-crossing partition of [2n], where each block has an even
cardinality. The number of forest chord diagrams such that each Bj is a tree is t|B1|/2 × · · · × t|Bm|/2. In
order to find the number of forests with m trees, we need to take a sum over all non-crossing partitions of
[2n] with m blocks of even cardinality.
We say that a non-crossing partition of [2n] has type (s1, . . . , sn) when there are si blocks of size 2i.
In that case we have
∑n
i=1 isi = 2n. By Theorem 3, the number of non-crossing partitions of [2n] of type








(2n + 1−m)!s1! · · · sn!
, (2)
where the sum is over all nonnegative integers s1, . . . , sn such that
n∑
i=1
si = m and
n∑
i=1
isi = n. (3)
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Finally, we need to find the coefficient of xn in the series T (x)m. By Eq. (1), we have z = x(z+1)3, where
z = z(x) = T (x)x − 1. Hence,










































































s2 · · · (n · tn)
sn (2n)!
(2n + 1−m)!s1! · · · sn!
, (6)
since in this case we need to choose a root for each of the trees in a forest. The sum is over all nonnegative





























































n. Thus, B(n,m) is the coefficient of xmyn in the function exR(y), which is the









Finally, we need to find the coefficient of xn in R(x)m. First note that R(x) = xT ′(x), where T (x) is the
generating function for unrooted trees. By (1), T (x) satisfies
xT (x) = x2 + T (x)3,
from which it follows
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, if a < b;
1, if a = b
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which finishes the proof.
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